ABSTRACT. Let (a, a + d, a + 2d) be an arithmetic progression of positive integers. The following statements are proved:
Introduction
Throughout this paper, let F = (F 1 , . . . , F n ) : C n → C n be a polynomial map on C n , where C denotes the complex field. Denote by mdeg F := (deg F 1 , . . . , deg F n ) the multidegree of F . Denote by Aut(C n ) the group of all polynomial automorphisms of C n and by mdeg the mapping from the set of all polynomial maps into the set N n , here and throughout, N denotes the set of all non-negative integers.
A polynomial automorphism F = (F 1 , . . . , F n ) is said to be elementary if all linear automorphisms. The elements of Tame(C n ) are called tame automorphisms. The classical Jung-van der Kulk theorem [3, 15] showes that every polynomial automorphism of C 2 is tame. However, in 2004, Shestakov and Umirbaev [12, 13] proved Aut k 3 = Tame k 3 by showing the famous Nagata automorphism is not tame, where k is a field of characteristic 0.
The multidegree plays an important role in the description of polynomial automorphisms. It follows from Jung-van der Kulk theorem that if
And the famous Jacobian conjecture is equivalent to the assert that if (F 1 , F 2 ) is a polynomial map satisfying the Jacobian condition, then mdeg F = (deg F 1 , deg F 2 ) is principal [1] . But it is difficult to describe the multidegrees of polynomial maps in higher dimensional cases, even in the case of dimension three. Recently, Karaś presented a series of papers concerned with multidegrees of tame automorphisms in dimension three. It is shown in [4, 5] that there is no tame automorphism of C 3 with multidegree (3, 4, 5) and (4, 5, 6) . In [6] , it is proved that (p 1 , p 2 , d 3 ) ∈ mdeg(Tame(C 3 )) if and only if d 3 ∈ p 1 N + p 2 N, where 2 < p 1 < p 2 are prime numbers. In [7, 8] , similar conclusions are given:
Let (a, a + d, a + 2d) be an arithmetic progression of positive integers. The following statements are proved in this paper.
(1) If a | 2d, then (a, a + d, a + 2d) ∈ mdeg(Tame(C 3 )).
(2) If a 2d and (a,
Preliminaries
Recall that a pair f, g ∈ C[x 1 , . . . , x n ] is said to be * -reduced in [12, 13] if
(2)f,ḡ are algebraically dependent, wheref denotes the highest homogeneous component of f ;
The following inequality plays an important role in the proof of the Nagata conjecture in [12, 13] and is also essential in our proofs.
Note that [f, g] means the Poisson bracket of f and g:
It is shown in [12] [4, 16] ).
that is, F is not a linear automorphism), then F admits either an elementary reduction or a reduction of types I-IV (see [13: Definitions 1-4]).
Recall that we say a polynomial automorphism F = (F 1 , F 2 , F 3 ) admits an elementary reduction if there exists a polynomial g ∈ C[x, y] and a permutation σ of the set {1, 2, 3} such that deg(
Main results
. Thus, without loss of generality we can assume that
The task now is to show when an arithmetic progression (a, a + d, a + 2d) belongs to mdeg(Tame(C 3 )), where a, d ∈ N.
In both cases we get a | 2d.
(2) Otherwise, if i + j ≤ 1, it is easy to see that d = 0 and hence a | 2d. More 
It follows from the last two equalities in (1) that a = d = n, which contradicts n < a ≤ 3 2 n. It follows from the first two equalities in (2) that a = 3 2 n, d = 1 2 n, which contradicts 5n/2 < a+2d ≤ 3n. Therefore, F admits no reduction of type III. Thus, to prove that (a, a + d, a + 2d) / ∈ mdeg(Tame(C 3 )), it is enough to show that every polynomial automorphism F with multidegree (a, a + d, a + 2d) does not admit any elementary reduction.
We are now in a position to show our main results. ( 1) If a | 2d, then (a, a + d, a + 2d ) ∈ mdeg(Tame(C 3 )).
P r o o f. 
Thus, q = 0 and r ≤ 1. Write g(
Case 2: If F admits an elementary reduction of the form (
Case 3: If F admits an elementary reduction of the form (
(i) If a is an odd number, then gcd(a, a + 2d) = gcd(a, d) and p =ā. Set deg y g(x, y) =āq + r, 0 ≤ r <ā. Then
(ii) Now let a be an even number. If we additionally assume that a 4d, then gcd(a, a + 2d) = gcd(a, 2d) = 2 gcd(
Thus, q = r = 0. A same contradiction follows as in (i).
Moreover, if a is an even number and 4 a, then the condition a 2d forces a 4d. More precisely, if a is even with 4 a, then a = 2k for some odd number k. If a | 4d, then k | 2d and hence k | d. Thus, a | 2d, a contradiction. Therefore, the only unknown case left is 4 | a and a | 4d, that is, (4i, 4i + ij, 4i + 2ij) with i, j ∈ N. Moreover, the condition a 2d forces j to be an odd number.
TAME AUTOMORPHISMS WITH MULTIDEGREES
Furthermore, if j ≥ 5, and F with multidegree (4i, 4i + ij, 4i + 2ij) admits an elementary reduction of the form (
Thus, it is proved that if a 2d and (a, a+d, a+2d) / ∈ {(4i, 5i, 6i), (4i, 7i, 10i) : i ∈ N + }, then any polynomial automorphism F with multidegree (a, a + d, a + 2d) admits no elementary reduction, and consequently, (a,
Now the only unknown case left is to show whether there is a tame automorphism with multidegree (a, a + d, a + 2d) ∈ {(4i, 5i, 6i), (4i, 7i, 10i) : i ∈ N + }. By Lemma 3.2, to show such an automorphism does not exist, we just need to show it admits no elementary reduction.
then F admits no elementary reductions.
P r o o f. Suppose that F is a polynomial automorphism with multidegree (4i, 4i + ij, 4i + 2ij), j = 1, 3. Proceeding as in the proof of Theorem 3.3, the proof falls into three parts.
(1) If F admits an elementary reduction of the form (
Thus, q = 0 and r ≤ 1. Write g(F 1 , F 2 ) = g 1 (F 1 ) + g 2 (F 1 )F 2 . However, the conditions 4iN ∩ ((4i + ij) + 4iN) = ∅ and 4i + 2ij / ∈ 4iN + (4i + ij)N imply that deg
(2) If F admits an elementary reduction of the form (
(3) If F admits an elementary reduction of the form ( Although Problem 3.5 has some counterexamples (see [2, 11] ), it is still of great interest to find a meaningful lower bound of deg [f, g] , and a more precise lower bound of deg[F 1 , F 3 ] will give a better description of mdeg(Tame k 3 ). We mention that Sun-Chen [14] and Karaś [5] gave notable results on the multidegrees of tame automorphisms by improving the lower bound of the degrees of Poisson brackets.
